The discovery of a local buckling instability of a single-walled carbon nanotube ͑CNT͒ that is subjected to point loading in its flexural direction through molecular mechanics simulations via the MATERIALS STUDIO software package is reported in the letter. The sudden decrease of the stiffness of the CNT at the onset of the local instability is found from reliable observations of the second derivation of the strain energy of the CNT under bending. A mechanics model is developed to predict the onset of the local instability, and the effectiveness of the model is verified by molecular mechanics simulations.
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It has been widely recognized that carbon nanotubes ͑CNTs͒ have remarkable electrical, mechanical, and thermal properties 1,2 since they were discovered by Iijima in 1991. 3 The elastic modulus of a multiwalled CNT ͑MWNT͒ has been measured to be as high as 1 TPa. 4, 5 However, a great reduction in the modulus has been reported from experimental research findings, and this reduction is widely acknowledged to be related to the appearance of a kink, or kinks, that is, the abrupt change of the local curvature of CNTs. Poncharal et al. 5 used a transmission electron microscope to observe the static deformation of a MWNT. The elastic bending modulus was reported to be reduced due to wavelike distortions or ripples in the CNT under bending. Arroyo and Belytschko 6 observed a measured drop of the effective bending stiffness of MWNTs with larger diameters. In addition, ripples were also predicted for MWNTs that were subjected to torsion. Falvo et al. 7 studied the resilience of MWNTs by applying a repeated bending motion. They observed reversible, periodic buckling of nanotubes. Because the inconsistent measurements of the elastic property and strength of CNTs under bending may be related to the local ripples, the occurrence of a local large curvature of CNTs has attracted attention in the nanoscience community, and theories have been developed and attempts have been made to elucidate this phenomenon. Liu et al. 8 showed that the ripple mode is permissible by the theory for highly anisotropic elastic materials of finite deformation. The bending instability characteristics of double-walled CNTs ͑DWNTs͒ have been studied by Wang et al. 9 The study showed that the bending instability may take place through the formation of a single kink or ripple in the midpoint of a DWNT, or two kinks, located equidistantly from the midpoint, depending on both the tube length and diameter. Recently, Chang and Hou 10 provided molecular mechanics simulations on instability of MWNTs under bending. In addition to the local instability phenomenon in a MWNT, studies of single-walled carbon nanotubes ͑SWNTs͒ have revealed the local deformation event. Tombler et al. 11 observed a large local deformation of a SWNT using an atomic force microscope tip in both experiments and simulations. In addition, they found that the conductance of the SWNT can be reduced by two orders of magnitude due to the local deformation, which might lead to the formation of local sp 3 bonds. In sum, it is concluded that the local phenomenon has an effect on both the electric and the mechanical properties. 11, 12 In this letter, a local buckling instability of a SWNT that is subjected to point loading is reported through molecular mechanics simulations via the MATERIALS STUDIO software package. An indentation or kink at the loading position that leads to the reduction of the measured stiffness of the SWNT is clearly revealed in simulations. A mechanics model is developed to predict the onset of the local instability, and the effectiveness of the model is verified by molecular mechanics simulations.
The mechanical properties of CNTs have been investigated in experiments through measuring the forcedeformation curve of the materials by applying a point loading along CNTs. 4, 11, 12 In the following molecular mechanics simulations, the commercial software MATERIALS STUDIO is applied to study the local instability of a ͑8,0͒ zigzag SWNT with a length of around 8.2 nm subjected to a point loading. The interatomic interactions in MATERIALS STUDIO are described by the force field condensed-phased optimized molecular potential for atomistic simulation studies ͑COMPASS͒
13
This is the ab initio force field that has been parametrized and validated using condensed-phase properties, and it has been proved to be applicable in describing the mechanical properties of CNTs.
14 The simulations are carried out at 1 K to avoid the thermal effect. The motion of atoms around the ends of the CNT is forbidden in the simulations, or the boundary condition is fixed. The local instability of the CNT under bending is investigated by investigating the total strain energy of all atoms in the CNT when prescribing incremental displacements on the atom where the point loading is at the middle of the beam and one-fifth of the length from one end, as shown in Figs. 1 and 2 , respectively. The calculations of the curvature, or second derivative, of the strain energy are displayed in the figures as marked by the arrows. The finite difference algorithm is implemented in calculating the sec-ond derivative from the strain energy data. The occurrence of the local buckling can be defined as the spontaneous drop of the curvature, which shows that the ͑8,0͒ CNT with a length of L = 8.2 nm undergoes local buckling that occurs at a deformation of about 0.21 and 0.13 nm, respectively, when applying a point loading at the middle of the beam and onefifth of the length from one end. The results of the strain energy, the curvature of the strain energy, and the drop locations resemble those of various simulations with different incremental steps of the prescribed displacement on the atom at the force location, which indicates the consistency and validity of the simulation results. The incremental step of the prescribed displacement, 0.01 nm, in Figs. 1 and 2 is too small that the calculated second derivative curve is fairly smooth except for a sudden drop. Unlike the buckling onset observations of the drops of strain energy at a critical strain for a CNT under axial compression, 14, 15 the local buckling of a CNT under bending is determined from the drops of the curvature of the strain energy, as observed in Figs. 1 and 2 , as the second derivative of the strain energy stands for the stiffness of the structure. In elasticity, the force displacement at the point of a force that is applied to a beam structure in the flexural direction is normally modeled by a spring element. The stiffness of the spring is dependent on the location of the force. For example, the modeled spring stiffness is 192EI/ L 3 when the force is at the middle, where L is the length of the beam, E is Young's modulus, and I is the moment of inertia of the cross section. In addition, the spring stiffness is approximately 730EI/ L 3 when the force is at a point one-fifth of the length from one end of the fixed beam. In addition, it is known that the spring stiffness is the second derivative of the strain energy that is restored in the spring under deformation. Therefore, from Figs. 1 and 2,i ti s known that such stiffness experiences sudden drops at the displacements of 0.21 and 0.13 nm, respectively, for the two scenarios, while the strain energy continues to increase continuously beyond the location of the curvature drop. These drops of the second derivative of the strain energy are due to the partial loss of the stiffness of CNTs that are undergoing local instability, which is completely different from the global buckling of beams that are subjected to compressive loading in which the strain energy drops at the buckling onset. Because the spring stiffness for the CNT that is subjected to a force at the midpoint is much smaller than that for the CNT with a force at a point one-fifth from one end, the second derivative and the gradual reduction of the derivative before the drop point from the first scenario are all much smaller than those observed in the second scenario. The smooth decrease of the second derivative, or equivalently the stiffness of the CNT, before the occurrence of the drops may come from both the decrease of the moment of inertia of the cross section because of the reduction of the cross section and the increase of the length of the CNT beam under motion. It is also observed from molecular mechanics simulations that local buckling occurs at the location of point loading. From mechanics of material, the point loading may lead to a larger stress and strain gradient. On the other hand, the moment at the point loading location reaches maxima locally based on theory of the mechanics of materials. The occurrence of the local instability of the ͑8,0͒ SWNT can be clearly identified from the indentations or kinks at the force locations in Figs mechanics of materials. The thickness of CNTs is normally viewed to be very thin compared to their diameters. Yakobson et al. 16 concluded that the effective thickness of CNTs should be taken as h = 0.066 nm if the classical shell bending theory is applied to the materials. Recently, Huang et al. 17 established an analytical approach to bypass atomic simulations and estimated that the thickness of graphene under uniaxial stretching is about 0.0734 nm. Thus, CNTs can be modeled as thin-walled structures. The local buckling behavior in the compressive portion of engineered thin-walled structures under bending is somewhat different compared with that of the axially loaded compression. 18 It was suggested and understood that elastic local buckling stress for bending should be larger than the buckling stress for axial compression. However, some investigators 19 have indicated and concluded from tests that there is little difference between the critical stress in bending and that in axial compression. We adopt the concession in developing the following theory. The critical deformation w c ͑x͒ at the force location x from the left end for a local instability of a fixed thin-walled structure is investigated next. The moment at the force position is provided as
where F is the magnitude of the force. According to elastic beam theory, the moment will induce a maximum compressive strain on the compressive portion of the thin-walled structure shown as
where D is the diameter of the beam, I = D 3 t / 8 is the expression of the moment of inertia of the cross section of the thin-walled structure, and t is the thickness of the wall. The buckling strain for a fixed-beam structure under compression is given as
where A = Dt is the cross area of the beam structure. The substitution of Eq. ͑2͒ into Eq. ͑3͒ will lead to the critical force for the local buckling of the compressive portion at the force location. According to the linear mechanics of material theory, the critical force will induce a ratio of the deformation of the beam at the force location to the length that is given as
According to the developed model, the critical deformation is estimated to be 0.24 and 0.16 nm, respectively, for the fixed ͑8,0͒ SWNT with the length of 8.2 nm subjected to forces at the middle and at one-fifth of the length from the fixed end. This prediction is in reasonable agreement with the molecular mechanics simulations. The source of the difference of the critical deformation between the model and molecular mechanics simulations may come from the ignorance of the shear effect and rotary inertia effect in the simple beam theory and the error in measuring the force locations in MATERIALS STUDIO. Furthermore, the adoption of the same buckling stress for bending and axial compression of beam structures makes the critical deformation overestimated as well. According to Eq. ͑4͒, the ratio is estimated to be about 0.03 when the force is at the middle of the structure, which shows that the local instability occurs at a very early stage of the bending motion in CNTs. From the date provided by the experiment of Tombler et al., 11 the ratio was above 0.1. Hence, local deformation was definitely identified and a great change in electric conductance was induced. In the measurement of the elastic and shear moduli of SWNTs by Salvetat et al., 4 the ratio of the deformation was also above 0.1. It is therefore expected that the local buckling has already occurred on the samples in their experiment and the reported elastic and shear moduli were much smaller than the values before the local buckling was initiated since the stiffness of the CNTs was equivalently viewed to be elastic moduli in the report.
In summary, local buckling of a SWNT under bending that is subjected to a point loading is reported from molecular mechanics simulations. The critical deformation at the force location is observed and the indentations or kinks at the onset of the local buckling are described. The second derivative of the strain energy that is derived from the consistent readings of the molecular mechanics simulation data is discovered to represent the stiffness of the CNT, and the occurrence of the drop of the variable is defined as the onset of the local buckling. The physics of the drop of the second derivative of the strain energy is provided and a model that is based on the mechanics of materials is developed for the prediction of the local buckling in the SWNT. The discovery of a local buckling instability of a single-walled carbon nanotube ͑CNT͒ that is subjected to point loading in its flexural direction through molecular mechanics simulations via the MATERIALS STUDIO software package is reported in the letter. The sudden decrease of the stiffness of the CNT at the onset of the local instability is found from reliable observations of the second derivation of the strain energy of the CNT under bending. A mechanics model is developed to predict the onset of the local instability, and the effectiveness of the model is verified by molecular mechanics simulations. © 2007 American Institute of Physics. ͓DOI: 10.1063/1.2778546͔
The mechanical properties of CNTs have been investigated in experiments through measuring the forcedeformation curve of the materials by applying a point loading along CNTs. 4, 11, 12 In the following molecular mechanics simulations, the commercial software MATERIALS STUDIO is applied to study the local instability of a ͑8,0͒ zigzag SWNT with a length of around 8.2 nm subjected to a point loading. The interatomic interactions in MATERIALS STUDIO are described by the force field condensed-phased optimized molecular potential for atomistic simulation studies ͑COMPASS͒ 13 This is the ab initio force field that has been parametrized and validated using condensed-phase properties, and it has been proved to be applicable in describing the mechanical properties of CNTs.
14 The simulations are carried out at 1 K to avoid the thermal effect. The motion of atoms around the ends of the CNT is forbidden in the simulations, or the boundary condition is fixed. The local instability of the CNT under bending is investigated by investigating the total strain energy of all atoms in the CNT when prescribing incremental displacements on the atom where the point loading is at the middle of the beam and one-fifth of the length from one end, as shown in Figs. 1 and 2 ond derivative from the strain energy data. The occurrence of the local buckling can be defined as the spontaneous drop of the curvature, which shows that the ͑8,0͒ CNT with a length of L = 8.2 nm undergoes local buckling that occurs at a deformation of about 0.21 and 0.13 nm, respectively, when applying a point loading at the middle of the beam and onefifth of the length from one end. The results of the strain energy, the curvature of the strain energy, and the drop locations resemble those of various simulations with different incremental steps of the prescribed displacement on the atom at the force location, which indicates the consistency and validity of the simulation results. The incremental step of the prescribed displacement, 0.01 nm, in Figs. 1 and 2 is too small that the calculated second derivative curve is fairly smooth except for a sudden drop. Unlike the buckling onset observations of the drops of strain energy at a critical strain for a CNT under axial compression, 14, 15 the local buckling of a CNT under bending is determined from the drops of the curvature of the strain energy, as observed in Figs. 1 and 2 , as the second derivative of the strain energy stands for the stiffness of the structure. In elasticity, the force displacement at the point of a force that is applied to a beam structure in the flexural direction is normally modeled by a spring element. The stiffness of the spring is dependent on the location of the force. For example, the modeled spring stiffness is 192EI/ L 3 when the force is at the middle, where L is the length of the beam, E is Young's modulus, and I is the moment of inertia of the cross section. In addition, the spring stiffness is approximately 730EI/ L 3 when the force is at a point one-fifth of the length from one end of the fixed beam. In addition, it is known that the spring stiffness is the second derivative of the strain energy that is restored in the spring under deformation. Therefore, from Figs. 1 and 2,i ti s known that such stiffness experiences sudden drops at the displacements of 0.21 and 0.13 nm, respectively, for the two scenarios, while the strain energy continues to increase continuously beyond the location of the curvature drop. These drops of the second derivative of the strain energy are due to the partial loss of the stiffness of CNTs that are undergoing local instability, which is completely different from the global buckling of beams that are subjected to compressive loading in which the strain energy drops at the buckling onset. Because the spring stiffness for the CNT that is subjected to a force at the midpoint is much smaller than that for the CNT with a force at a point one-fifth from one end, the second derivative and the gradual reduction of the derivative before the drop point from the first scenario are all much smaller than those observed in the second scenario. The smooth decrease of the second derivative, or equivalently the stiffness of the CNT, before the occurrence of the drops may come from both the decrease of the moment of inertia of the cross section because of the reduction of the cross section and the increase of the length of the CNT beam under motion. It is also observed from molecular mechanics simulations that local buckling occurs at the location of point loading. From mechanics of material, the point loading may lead to a larger stress and strain gradient. On the other hand, the moment at the point loading location reaches maxima locally based on theory of the mechanics of materials. The occurrence of the local instability of the ͑8,0͒ SWNT can be clearly identified from the indentations or kinks at the force locations in Figs. 3 and 4 for the two scenarios. Crosssectional and tilted side views of the SWNTs are provided in the two figures to show the indentations at the onset of the local buckling.
A theory is developed herein to predict the onset of the local buckling of CNTs under bending from theory of the Fig. 1 showing a local instability phenomenon.   FIG. 4 . ͑Color online͒ Cross-sectional and tilted side views of the CNT in Fig. 2 showing a local instability phenomenon. 16 concluded that the effective thickness of CNTs should be taken as h = 0.066 nm if the classical shell bending theory is applied to the materials. Recently, Huang et al. 17 established an analytical approach to bypass atomic simulations and estimated that the thickness of graphene under uniaxial stretching is about 0.0734 nm. Thus, CNTs can be modeled as thin-walled structures. The local buckling behavior in the compressive portion of engineered thin-walled structures under bending is somewhat different compared with that of the axially loaded compression. 18 It was suggested and understood that elastic local buckling stress for bending should be larger than the buckling stress for axial compression. However, some investigators 19 have indicated and concluded from tests that there is little difference between the critical stress in bending and that in axial compression. We adopt the concession in developing the following theory. The critical deformation w c ͑x͒ at the force location x from the left end for a local instability of a fixed thin-walled structure is investigated next. The moment at the force position is provided as
where D is the diameter of the beam, I = D 3 t / 8 is the expression of the moment of inertia of the cross section of the thin-walled structure, and t is the thickness of the wall. The buckling strain for a fixed-beam structure under compression is given as where A = Dt is the cross area of the beam structure. The substitution of Eq. ͑2͒ into Eq. ͑3͒ will lead to the critical force for the local buckling of the compressive portion at the force location. According to the linear mechanics of material theory, the critical force will induce a ratio of the deformation of the beam at the force location to the length that is given as According to the developed model, the critical deformation is estimated to be 0.24 and 0.16 nm, respectively, for the fixed ͑8,0͒ SWNT with the length of 8.2 nm subjected to forces at the middle and at one-fifth of the length from the fixed end. This prediction is in reasonable agreement with the molecular mechanics simulations. The source of the difference of the critical deformation between the model and molecular mechanics simulations may come from the ignorance of the shear effect and rotary inertia effect in the simple beam theory and the error in measuring the force locations in MATERIALS STUDIO. Furthermore, the adoption of the same buckling stress for bending and axial compression of beam structures makes the critical deformation overestimated as well. According to Eq. ͑4͒, the ratio is estimated to be about 0.03 when the force is at the middle of the structure, which shows that the local instability occurs at a very early stage of the bending motion in CNTs. From the date provided by the experiment of Tombler et al., 11 the ratio was above 0.1. Hence, local deformation was definitely identified and a great change in electric conductance was induced. In the measurement of the elastic and shear moduli of SWNTs by Salvetat et al., 4 the ratio of the deformation was also above 0.1. It is therefore expected that the local buckling has already occurred on the samples in their experiment and the reported elastic and shear moduli were much smaller than the values before the local buckling was initiated since the stiffness of the CNTs was equivalently viewed to be elastic moduli in the report.
In summary, local buckling of a SWNT under bending that is subjected to a point loading is reported from molecular mechanics simulations. The critical deformation at the force location is observed and the indentations or kinks at the onset of the local buckling are described. The second derivative of the strain energy that is derived from the consistent readings of the molecular mechanics simulation data is discovered to represent the stiffness of the CNT, and the occurrence of the drop of the variable is defined as the onset of the local buckling. The physics of the drop of the second derivative of the strain energy is provided and a model that is based on the mechanics of materials is developed for the prediction of the local buckling in the SWNT.
